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Observation of nodal links in momentum space 
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Abstract 
In crystals, two bands may cross each other and form degeneracies along a closed loop in the 
three-dimensional momentum space, which is called nodal line. Nodal line degeneracies can 
be designed to exhibit nodal rings, chains, links and knots. With rich global topological 
structure and other peculiar properties, such as diverse surface state variations, nodal links have 
attracted extensive theoretical attentions. However, they impose stringent requirements on the 
Hamiltonian form and hence have not yet been observed in realistic materials thus far. Here, 
we propose a simple realization of nodal links in a biaxial hyperbolic metamaterial. The two 
linked nodal lines threading through each other are formed by the crossings between three 
adjacent bands. On the interface between the metamaterial and air, surface bound states in the 
continuum (BICs) are observed, which serve as the symmetry-enforced derivative of drumhead 
surface states from the linked nodal lines. Our discovery not only experimentally demonstrates 
the global topological structure of nodal links, but also opens the gate towards manipulating 
topological surface states.  
The research on topological gapless phases focuses on the investigation of various band 
degeneracies, such as Weyl points, Dirac points and nodal lines (NLs)1-16. NL semimetals have 
degeneracy along lines forming closed loop(s) in the three-dimensional momentum space2,8. 
Their existence usually requires the presence of certain symmetries, such as space-time 
inversion (PT), chiral and mirror symmetries. In a simple mirror symmetric system, the 
conduction and valence bands with opposite mirror eigenvalues can cross each other on the 
mirror planes and then mirror symmetry protected NLs are formed8,17-19. A key feature of the 
NL semimetals is that an eigenstate accumulates a Berry phase of 𝜋  when adiabatically 
transporting along a closed path encircling the NL8. This can be understood by the local linear 
band structure expanded near the NL degeneracy, which is topologically equivalent to a two-
dimension Dirac cone. When certain symmetries of the system are broken, NL semimetals can 
transform into other topological phases, such as Weyl, Dirac semimetals and 3D topological 
insulators20-24. In the last few years, the concept of NLs has also been extended to classic 
systems, leading to extensive research in photonics and phononics/acoustics13,25-27. 
 
New interests are inspired when considering global linking or knotting properties of NLs14,17,28-
34. Based on these, NLs have been classified into topological nodal rings (Fig. 1a), nodal 
chains7,13,35-37 (Fig. 1b), nodal links14,17,29,30,32,34 (Fig. 1c) and nodal knots28,31 (Fig. 1d). Nodal 
rings, or the ordinary nodal loops, are relatively trivial due to the lack of global topological 
structures. A nontrivial representative of NL is nodal link, namely, several NLs topologically 
linked with each other. In comparison, a nodal knot represents a single NL ‘linked’ with 
itself28,31. With several NLs touching together, nodal chains serve as the transition phase 
between nodal rings and nodal links/knots33. 
 
Besides their interesting topological configurations, materials possessing NL links exhibit 
some very interesting observables, such as, diverse surface state variations, more complicated 
Landau-level structures, intriguing electromagnetic properties, thermal transports, etc28,29. The 
first theoretical model of linked NLs has been proposed via inverse Hopf mapping, i.e. the 
preimage of two different points on the unit 2-sphere is two linked loops in the three-
dimensional momentum space29-31,38,39. However, its material realization is very challenging 
due to its subtle but complicated Hamiltonian form. Therefore, it is urgent and important to 
find the nodal links/knots in realistic materials. Here, we demonstrate nodal links formed by 
three bands in a biaxial hyperbolic metamaterial. The system possesses two perpendicular NLs 
which thread through each other and form linked NLs as shown in Fig. 1e. We further observe 
the surface bound states in the continuum (BICs) that serve as important features of the linked 
NL systems. 
 
We start from an effective medium description of the biaxial hyperbolic metamaterial (see 
Supplementary Materials Section 1). The effective relative permittivity tensor takes the form 
of 	𝜖 = 𝑑𝑖𝑎𝑔 𝜖) 𝜔 , 𝜖,, 𝜖- , where along 𝑥 direction the system exhibits a Drude type of 
dispersion as 𝜖) 𝜔 = 𝜖)/ 1 − 23424  (for simplicity 𝜔5  is normalized to be 1 in the 
following discussion), while along the other two directions the relative permittivity constants 
are positive and different, satisfying ϵ, > 𝜖)/ > 𝜖-. The real diagonal form of 𝜖 indicates 
that the model possesses mirror symmetries 𝑀), 𝑀,, 𝑀-, inversion symmetry 𝑃 and time-
reversal symmetry 𝑇. The PT symmetry further ensures that the eigen electromagnetic states 
are all linearly polarized, which will greatly facilitate the following NL characterizations. 
Along 𝑘) direction, the dispersion of the one-dimensional band structure features a flat band 
of longitudinal mode (L) with 𝜔< = 1 and two transverse modes, 𝑇=  and 𝑇> , with linear 
polarization along 𝑧 and 𝑦 direction and the dispersion relation ABCD and ABCE, respectively 
(Fig. 1f). The mirror eigenvalues of the longitudinal mode and the two transverse modes 𝑇= 
and 𝑇> are given by (+, +), (+, -) and (-, +) respectively as shown in Fig. 1f. The first and the 
second indices represent the eigenvalues of 𝑀, and 𝑀-, respectively. 
 
Due to the orthogonality among the longitudinal mode and the two transverse modes, they form 
one degeneracy point between the two transverse modes at Γ, and two pairs of degeneracy 
points between the longitudinal mode and one of the transverse modes at (𝑃=, 𝑃=′) and (𝑃>, 𝑃>′) 
located at 𝑘) = ± 𝜖- and ± 𝜖,, respectively. The degeneracy points Γ, 𝑃> and 𝑃>′ are 
formed between the first and the second bands and protected by 𝑀,, therefore they are located 
on the same degeneracy loop on the 𝑘, = 0 plane (red in Fig. 1e). On the other hand, the 
degeneracy points 𝑃= and 	𝑃=′ are formed by the second and the third bands and protected by 𝑀- , and they form another degeneracy loop on the 𝑘- = 0  plane (blue in Fig. 1e). The 
interlaced distribution between these five degeneracy points indicates that the two nodal loops 
they belong to are linked, which is confirmed by theoretically calculated configuration of the 
nodal lines in the momentum space in Fig. 1e. The NLs are stable and distinct from trivial NLs 
due to the linking configuration. As the linked nodal lines both involve the 2nd band (thick 
black line in Fig. 1f) in their construction, we show the corresponding electric field polarization 
distributions of the 2nd band in Fig. 1g and 1h on the 𝑘, = 0 and 𝑘- = 0 planes, respectively. 
One can clearly see that the electric fields abruptly change across the nodal lines because they 
are protected by the corresponding mirror symmetry but carrying opposite eigenvalues. Around 
the nodal line, such as the blue/red point in Fig. 1g/h, the electric fields accumulate a Berry 
phase of 𝜋  with polarization singularity located on the blue/red point (see details in 
Supplementary Materials Section 2, Fig. S1). 
 To illustrate the formation of the nodal lines in more details, we calculate the two-dimensional 
band structures of the biaxial hyperbolic metamaterial on the 𝑘, = 0	and 𝑘- = 0	planes based 
on the Hamiltonian formulation (Eq. S1), which are shown in Fig. 2a and 2b, respectively. On 
the 𝑘, = 0 plane, the first and the second bands cross each other forming an 8-shaped nodal 
line in the 𝑘-space, as indicated by the red solid line in Fig. 2a. The nodal line is highly 
dispersive though, spanning the whole frequency range from DC to the plasma frequency. The 
electromagnetic field of the two crossing bands on the 𝑘, = 0  plane takes the forms of [𝐸)	0	𝐸-	0	𝐻,	0] and [0	𝐸,	0	𝐻)	0	𝐻-], which are the eigenstates of 𝑀, with eigenvalues +1 
and -1 respectively, meaning that the nodal line is 𝑀, protected. Due to the dispersive nature 
of the nodal line, at any frequency between zero and plasma frequency, there exist four nodal 
points. The Equi-Frequency Contours (EFCs) at two different frequencies 0.4 and 0.8 are 
shown in Fig. 2c and 2d respectively. The EFCs resemble that of uniaxial hyperbolic media 
except for that the two quadratic touching points between the TE and TM modes in the uniaxial 
hyperbolic media are replaced by four linearly touching points. These linear touching points 
are the nodal points that form the nodal line with continuously varying frequencies. Viewing 
from the 𝑘, direction, there exists an eye-shaped void in the EFC between each pair of nodal 
points. 
 
At frequencies above 𝜔<, the second and the third bands cross each other on the 𝑘- = 0 plane, 
as shown in Fig. 2b. The crossing nodes form a circle in	𝑘-space as indicated by the blue solid 
line in Fig. 2b. The fields of these two crossing bands have the forms	[0	0	𝐸-	𝐻)	𝐻,	0] and [𝐸)	𝐸,	0	0	0	𝐻-], which are the eigenstates of 𝑀- with eigenvalues are -1 and +1 respectively, 
i.e. this nodal line is 𝑀- protected. As shown in Fig. 2e and 2f, the corresponding EFC at a 
given frequency consists of two ellipsoids touching each other at four nodal points, which form 
the circular nodal line between the second and the third bands as the frequency continuously 
varies. Similar EFC has been extensively studied in biaxial crystals, in the context of conical 
refraction at the nodal points40-43. When plotting the above two nodal lines together in the 𝑘-
space as shown in Fig. 1e, it is clearly seen that they are linked with each other. In addition, 
there are two more nodal lines located on the 𝑘) = 0 plane, which tangentially touch the 
circular nodal line, forming two nodal chains in the 𝑘-space (see black lines in Fig. S1a-c). 
However, because they do not contribute to the formation of the nodal link, they are not the 
focus of the present work. By further introducing dispersion along 𝑦 direction, and by tuning 
the dispersion parameters, various nodal line configurations including nodal links, nodal chains 
and separated nodal loops can be formed as shown in Fig. S2. Their detailed configurations 
and the corresponding symmetry analysis are provided in Supplementary Materials Section 3. 
 
To demonstrate the nodal links in experiment, we design a microwave metamaterial that 
consists of the combination of an array of thin metallic wires and metallic cross structures 
patterned on a dielectric plate, as shown schematically in Fig. 3a (space group No. 47: Pmmm). 
The relative permittivity of the dielectric plate is 4.1. The continuous metallic wire provides 
the Drude-like dispersion-along 𝑥 direction. The cross structures with arms along 𝑥 = ±𝑦 
orientations provide the anisotropy in the 𝑦 and 𝑧 directions. The entire sample contains 75×75×52  unite cells with periods 𝑝) = 	𝑝, = 4𝑚𝑚  and 𝑝- = 3𝑚𝑚 . The bulk modes 
propagating in the metamaterial is simulated by using a commercially available software - CST 
Microwave Studio. The simulated dispersion curve along 𝑘) direction is shown in Fig. 3b. 
The dispersion appears similar to that of the effective medium in Fig. 1f, except for the presence 
of dispersion in the longitudinal mode due to nonlocal effect44. The locations of nodal lines in 
the 𝑘-space are obtained via simulation and shown in Fig. 3c (solid lines). Being the same to 
the effective media analysis (Fig. 1e), the realistic metamaterial structure possesses two nodal 
lines that are linked to each other. 
 
The bulk states of the metamaterial are probed by using the near-field scanning setup 
(Supplementary Materials Section 7, Fig. S5). The measured complex fields are subsequently 
Fourier transformed to obtain their distribution in the 𝑘-space. The projected EFCs onto the 𝑘)-𝑘- plane at three different frequencies are shown in Fig. 3d-f. As a reference, the projection 
of the boundary of the bulk states simulated by CST are also provided in the form of white 
solid lines. At each frequency, four nodal points together with the eye-shaped voids are clearly 
visible in the EFC. The continuous variation of these nodal points over frequency forms the 8-
shaped nodal line on the 𝑘, = 0 plane in Fig. 3c. The projected EFCs onto the 𝑘)-𝑘,	plane 
at three higher frequencies are shown in Fig. 3g-i, which features two elliptically shaped 
contours intercepting each other at four points. The continuous variation of the four 
interception points at different frequencies forms the circular nodal line on the 𝑘- = 0 plane. 
Further results from the measurements of bulk states directly confirm the presence of linked 
nodal lines as shown in Fig. S6-7 (Supplementary Materials Section 8). Their positions are 
labelled in Fig. 3c. Hence the existence of the nodal links is verified experimentally. 
 
For systems possessing nodal line degeneracies, there may exist drumhead surface 
states2,5,8,10,45,46. To explore the surface states of the metamaterial, a slightly different 
measurement configuration is employed (Supplementary Materials Section 7, Fig. S5d and 
S5e). We measure the surface states for both the interfaces in the 𝑥-𝑧 plane and that in the 𝑥-𝑦 plane. For the interface in the 𝑥-𝑧 plane, the dispersion of surface state along 𝑘) direction 
together with the simulation result is shown in Fig. 4a (see the analytical results based on the 
effective media analysis in Supplementary Materials Section 4, Fig. S3a). It is shown that the 
dispersion of the surface state along the 𝑘)  direction is asymptotical to the free space 
dispersion of air at very low frequencies. It becomes more curved at higher frequencies and 
eventually terminates at point 𝑃>. The dispersion curve is divided into two sections, that with 𝑘) less than the 𝑇= mode (coloured in green), and that with 𝑘) greater than the 𝑇= mode 
(coloured in magenta). These two sections in green and magenta colour represent the surface 
BIC47-51 and normal surface state, respectively. Both the simulated and measured dispersion 
curves show similar features as that calculated based on effective medium approximation (Fig. 
S3a). The probed EFCs of the surface states with different frequencies are shown in Fig. 4c-e. 
At each frequency, there are two bright spots that correspond to the surface BICs, whose 
locations coincide well with the simulation results, as indicated by the green circular points. 
With the increase of frequency, the surface BICs move further away from the light cone, 
indicating a stronger confinement on the air side. Detailed analysis of the surface states in the 
Supplementary Materials Section 5 shows that the surface BICs are essentially the symmetry-
enforced extension of the drumhead surface states from nodal links. 
 
For the interface in the 𝑥-𝑦 plane, the measured and simulated dispersion curves of the surface 
BIC along 𝑘) direction are shown in Fig. 4b. The surface BIC from both the simulation and 
the measurement connects between Γ point and 𝑃= point, which agrees well with that of the 
effective medium analysis (Supplementary Materials Section 4-5, Fig. S3e). Figure 4(f-h) 
present the surface states at three different frequencies. The surface BICs are indicated by the 
isolated bright spots on the 𝑘) axis. Besides the surface BIC, the normal surface state in the 
form of Fermi arcs are also observed that connect between the projections of the nodal points 
and the EFC of the bulk states. Again, the above features agree very well with the effective 
medium description provided in Supplementary Materials Section 5 (Fig. S3). Detailed 
analysis about propagating constants of surface states is given in Supplementary Materials 
Section 6 (Fig. S4). 
 
To summarize, we designed and realised a nodal link metamaterial based on effective media 
theory. The presence of the nodal links involves the crossings between three adjacent bands, 
which includes three modes: one longitudinal mode and two transverse modes in two 
orthogonal planes in the momentum space. Both the linked nodal lines and the presence of 
surface BICs are experimentally confirmed. Further introduction of dispersion to the 
permittivity tensor elements along different directions may allow observation of more exotic 
nodal line configurations. Our work also serves as a link between the recently discovered 
nodal-line topological systems to well-known phenomenon of conical refraction in biaxial 
birefringent crystals that has been studied for centuries. 
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 Figure 1 | Nodal links in biaxial hyperbolic metamaterials. a, Nodal rings. b, Nodal chain. 
c, Nodal link. d, Nodal knot. e, Nodal links in biaxial hyperbolic metamaterials. The effective 
parameters of the system are ϵ, = 6, ϵ- = 2 and 𝜖) 𝜔 = 𝜖)/ 1 − 23424  with 𝜖)/ = ==> . f, 
Band structure along 𝑘)  direction shows four crossing points (𝑃=X, 𝑃>X, 𝑃=, 𝑃>) between one 
longitudinal mode L and two transverse modes 𝑇= and 𝑇>. The second band is highlighted by 
thick black line. 𝜔  is normalized by 𝜔5 . g, Calculated linear-polarized electric field 
distribution on the 𝑘, = 0 plane. h, Similar to g but on the 𝑘- = 0 plane. 
 
 Figure 2 | Nodal links via the crossings between three adjacent bands. a and b, Two-
dimensional band structures of biaxial hyperbolic metamaterial on the 𝑘, = 0 and 𝑘- = 0 
planes, respectively. The nodal lines formed by band crossings and their projections onto the 
𝑘-plane are denoted by the red/blue solid lines. c and d, Equi-Frequency Contours (EFCs) at 
𝜔= = 0.4  and 𝜔> = 0.8 , respectively. e and f, EFCs at 𝜔[ = 1.1  and 𝜔\ = 1.2 , 
respectively. The half of each EFC has been cut off for clearly see the structure inside. 
  
 Figure 3 | Experimental demonstration of nodal links in biaxial hyperbolic metamaterial. 
a, Schematic diagram of the unit cell, belonging to the space group No. 47: Pmmm. The 
metallic structure is made of copper with a thickness of 0.035mm. The width of the connective 
metallic wire is 0.2mm. The length and width of each arm of the metallic cross structure are 
5mm and 0.4mm, respectively. b, The simulated bulk dispersion curve along 𝑘) direction. c, 
The experimentally probed (square dots) and the numerically simulated nodal lines (solid lines) 
in the 𝑘-space. d-f and g-i, The projected Equi-Frequency Contours (EFCs) with respect of 
different frequencies on the 𝑘) -𝑘-  and	𝑘) -𝑘,  planes, respectively. White/cyan solid line 
corresponds to the projected bulk state boundary of the biaxial hyperbolic metamaterial/air.  
 Figure 4 | Experimental observation of surface bound state in the continuum (BIC). a and 
b, The measured dispersion of surface state along 𝑘) direction in the interfaces of 𝑥-𝑧 and 
𝑥-𝑦 planes, respectively. Green and magenta circles indicate the simulated surface BICs and 
normal surface states, respectively. c-e, and f-h, Equi-Frequency Contours (EFCs) of surface 
states with respect of three different frequencies on the interfaces 𝑥 -𝑧  and 𝑥 -𝑦  planes, 
respectively. The white dots in f-h denote the projection of nodal points. Green circles indicate 
the surface BICs. White/cyan solid line corresponds to the projected bulk state boundary of the 
biaxial hyperbolic metamaterial/air. 
